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Abstract
1.	 The quantification of Hutchinson's n-dimensional hypervolume has enabled 

substantial progress in community ecology, species niche analysis and beyond. 
However, most existing methods do not support a partitioning of the different 
components of hypervolume. Such a partitioning is crucial to address the ‘curse of 
dimensionality’ in hypervolume measures and interpret the metrics on the original 
niche axes instead of principal components. Here, we propose the use of multi-
variate normal distributions for the comparison of niche hypervolumes and intro-
duce this as the multivariate-normal hypervolume (MVNH) framework (R package 
available on https://github.com/lvmuy​ang/MVNH).

2.	 The framework provides parametric measures of the size and dissimilarity of niche 
hypervolumes, each of which can be partitioned into biologically interpretable 
components. Specifically, the determinant of the covariance matrix (i.e. the gen-
eralized variance) of a MVNH is a measure of total niche size, which can be par-
titioned into univariate niche variance components and a correlation component 
(a measure of dimensionality, i.e. the effective number of independent niche axes 
standardized by the number of dimensions). The Bhattacharyya distance (BD; a 
function of the geometric mean of two probability distributions) between two 
MVNHs is a measure of niche dissimilarity. The BD partitions total dissimilarity 
into the components of Mahalanobis distance (standardized Euclidean distance 
with correlated variables) between hypervolume centroids and the determinant 
ratio which measures hypervolume size difference. The Mahalanobis distance and 
determinant ratio can be further partitioned into univariate divergences and a cor-
relation component.

3.	 We use empirical examples of community- and species-level analysis to demon-
strate the new insights provided by these metrics. We show that the newly pro-
posed framework enables us to quantify the relative contributions of different 
hypervolume components and to connect these analyses to the ecological drivers 
of functional diversity and environmental niche variation.

4.	 Our approach overcomes several operational and computational limitations of 
popular nonparametric methods and provides a partitioning framework that has 
wide implications for understanding functional diversity, niche evolution, niche 
shifts and expansion during biotic invasions, etc.
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1  | INTRODUC TION

The n-dimensional hypervolume is one of the most fundamen-
tal (Holt,  2009; Hutchinson,  1957; Pulliam,  2000; Whittaker 
et  al.,  1973) and commonly used concepts (Blonder,  2018; Díaz 
et  al.,  2015; Pironon et  al.,  2018) in ecology and evolutionary bi-
ology. Hutchinson first proposed to describe species' niche as an 
n-dimensional hypervolume in which a species can survive and 
reproduce (Hutchinson,  1957). The use of hypervolume was later 
extended to describe functional space and trait space (Lamanna 
et al., 2014; Laughlin, 2014; Pigot et al., 2020). The geometric fea-
tures of n-dimensional hypervolumes (especially their size and 
dissimilarity) are associated with a wide range of hypotheses and 
applications in ecology and evolution. For example, the size of a 
climatic niche hypervolume is hypothesized to drive species diver-
sification rates: in mammals, species with narrower niches (special-
ists) have been shown to have higher speciation rates and lower 
extinction rates than those with wider niches (generalists) (Gómez-
Rodríguez et al., 2015; Rolland & Salamin, 2016). The size of climatic 
niche hypervolume is also hypothesized to drive the variation of geo-
graphical range size (Cardillo et al., 2019; Ficetola et al., 2020; Saupe 
et al., 2015; Slatyer et al., 2013). Similarity between species' environ-
mental niche hypervolumes or functional trait hypervolumes is used 
to measure niche divergence or niche packing, which is hypothesized 
to determine species' coexistence and species richness patterns 
(Castro-Insua et  al.,  2018; Kuppler et  al.,  2017; Pigot et  al.,  2016; 
Read et al., 2018; Serra-Varela et al., 2015). Niche similarity is also 
used for within-species comparisons such as assessing the impact 
of climate change (Gómez et  al.,  2016; Tayleur et  al.,  2015; Zurell 
et  al.,  2018) and whether there are niche shifts during biotic in-
vasions (Carvalho & Cardoso,  2020; Davies et  al.,  2019; Early & 
Sax, 2014; Guisan et al., 2014; Lauzeral et al., 2011).

The quantification of niche volume and similarity has thus be-
come an urgent pursuit for both theoretical investigation and 
real-world applications. Recently, nonparametric methods, such as 
kernel-density estimates (Blonder et  al.,  2014, 2018; Carvalho & 
Cardoso,  2020; Eckrich et  al.,  2020; Mammola & Cardoso,  2020), 
dynamic range boxes (Junker et  al.,  2016), minimum convex hulls 
(Blonder et al., 2018), support vector machines (Blonder et al., 2018; 
Brown et al., 2020) and α-shapes (Gruson, 2020), have been widely 
favoured because of their minimal assumptions around the distribu-
tion of data and the existence of well-documented statistical pack-
ages supporting their exploration and use. In most of these methods, 
an n-dimensional distribution over environmental or trait space is 
typically converted to a hypervolume with a boundary defined by a 
particular quantile (often 95%) of the distribution. Niche size is cal-
culated as the volume of the enclosed space. Niche similarity of two 
hypervolumes can then be quantified in multiple ways, either with 

the union and intersection of hypervolumes (Jaccard and Sorensen 
indices) or with the distances between the two hypervolumes 
(Loiseau et al., 2017; Mammola, 2019).

These nonparametric methods of quantifying hypervolumes 
have several methodological limitations: (a) niche volumes and 
similarity measures are sensitive to the parameterization of the 
underlying distribution (e.g. choice of bandwidth in KDE) and de-
pend additionally on the choice of quantile (e.g. 95%) except for 
the dynamic range box (Junker et al., 2016); (b) computational costs 
are high when the dimension of variables and sample size are large 
(Blonder et  al.,  2014) and most importantly (c) the nonparametric 
methods generally cannot say anything about the relative impor-
tance of the constituent components of the measures (but see 
Junker et al., 2016; Loiseau et al., 2017). For those that do enable a 
partitioning (e.g. dynamic range box; Junker et al., 2016), they do not 
measure the contribution of correlations among niche axes to total 
hypervolume variations. Moreover, the lack of partitioning frame-
work along niche axes also makes nonparametric methods more sen-
sitive to the number of dimensions, as the number of observations 
required to accurately estimate an empirical distribution increases 
exponentially with the number of dimensions, hence the ‘curse of 
dimensionality’ (Blonder, 2016).

The prevalence of nonparametric methods in quantifying hyper-
volumes also hampers the integration of empirical niche studies with 
niche theories because empirical metrics are disconnected from theo-
retical derivations. For example, in the theory of limiting similarity, the 
outcomes of competition exclusion and niche evolution are typically 
calculated from one-dimensional utilization curves (Leimar et al., 2013; 
MacArthur & Levins,  1967). However, the testable theoretical pre-
dictions derived by these studies rely on empirical analyses in higher 
dimensions (Rappoldt & Hogeweg, 1980), meaning that with the preva-
lent nonparametric methods, hypotheses such as ‘higher niche similar-
ity causes more competitive exclusion’ cannot be directly tested against 
analytical predictions derived from theories (D'Andrea & Ostling, 2016; 
Kuppler et al., 2017). Although various parametric dissimilarity metrics 
have been proposed (Morisita, 1961; Pianka, 1974; Lu et al., 1989), they 
were largely overlooked because of their conceptual disconnection 
with the prevalent size metrics of hypervolume. Parametric measures 
that have clear analytical links to theories are urgently needed.

To fill in this gap, we propose a framework to quantify and partition 
niche volume and dissimilarity based on the assumption of multivariate 
normal (MVN) distribution of the variables under study and call this 
the multivariate normal hypervolume (MVNH) framework. This parti-
tioning framework provides a powerful quantitative assessment of the 
relative contributions of the constituent components in driving total 
niche variation. We chose the multivariate normal distribution because 
it is the most widely used assumption for niche assessment and model-
ling both in theoretical (Jiménez et al., 2019; MacArthur & Levins, 1967; 
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Rappoldt & Hogeweg, 1980; Soberón & Nakamura, 2009) and empir-
ical work (González et al., 2017; La Sorte et al., 2018), which provides 
room for integration and synthesis of size and dissimilarity measures 
(Lu et al., 1989). We show that in the MVNH framework niche size can 
be derived from the covariance matrix (Soberón & Nakamura, 2009), 
and that niche dissimilarity can be quantified by the Bhattacharyya dis-
tance (Bhattacharyya, 1946; Lu et al., 1989; Winner et al., 2018). We 
demonstrate theoretically and with empirical examples how the parti-
tioning of the metrics reveals the key drivers of variation in functional 
diversity and environmental niche.

2  | MATERIAL S AND METHODS

In our MVNH framework, we propose that a multi-dimensional niche 
space be described by a multivariate normal distribution with prob-
ability density function:

where x =
{
x1,…, xn

}
 is a vector in the n-dimensional niche space, 

� =
{
�1,…,�n

}
 is the centroid, Σ is the covariance matrix for the n-

dimensional niche and |Σ| denotes the determinant of the covariance 
matrix.

2.1 | The size of a hypervolume

We define the size of a hypervolume as the determinant of the co-
variance matrix |Σ|, also called the ‘generalized variance’ (La Sorte 
et al., 2018). It has a geometric interpretation as the volume of the 
n-dimensional parallelepiped spanned by the column or row vectors 
of the covariance matrix. For example, the covariance matrix Σ and 
the generalized variance |Σ| of a two-dimensional MVNH are:

where �2
x
 is the variance of variable x, �2

y
 is the variance of variable y 

and ρxy is the correlation coefficient between the two environmental 
variables x and y. When log-transformed, Equation 3 enables us to ad-
ditively partition the size of a two-dimensional hypervolume into three 
separate components (Figure 1c; also see empirical examples of func-
tional diversity and environmental niche breadth): the variance of the 
first niche axis �2

x
, the variance of the second niche axis �2

y
 and a cor-

relation component (1 − �2
xy

). The correlation component can be seen 
as a shrinkage factor which shrinks the niche volume by a factor of 
(1 − �2

xy
). The correlation component can also be calculated as the de-

terminant of the correlation matrix, which is a measure of hypervolume 

dimensionality (i.e. the effective number of independent niche axes 
standardized by the number of dimensions) in itself.

Similarly, for a three-dimensional hypervolume, the determinant 
of the covariance matrix is:

where 
(
1 − �2

xy
− �2

yz
− �2

xz
+ 2�xy�yz�xz

)
 is the correlation component. 

The factoring of the determinant generalizes straightforwardly to 
higher dimensions: the determinant is just the product of all univari-
ate variances and a correlation component.

The determinant also has a close relationship with the standard-
ized ellipse area (SEA, the ellipse with its major and minor axes de-
fined by the principal components; Jackson et al., 2011): it scales with 
the SEA by a constant (π for a two-dimensional niche and 4π/3 for a 
three-dimensional niche) and is therefore unaffected by rotation op-
erations such as PCA. Factoring the determinant (as in Equations 3 
and 4) can be used to assess the relative importance of the separate 
components in driving hypervolume size variations, such as when as-
sessing whether individual trait axes or the constraint on the com-
bination of traits (Dwyer & Laughlin, 2017) is the stronger driver of 
community functional diversity (see the empirical example of func-
tional diversity).

2.2 | The dissimilarity of hypervolumes

We suggest measuring the dissimilarity of two hypervolumes with 
the Bhattacharyya distance (Bhattacharyya, 1946; Lu et  al.,  1989; 
Minami & Shimizu,  1999; Fieberg & Kochanny,  2005; Winner 
et  al.,  2018). The Bhattacharyya distance (BD) of two continuous 
probability distributions, A and B defined on the same domain � is:

where BC is the Bhattacharyya coefficient:

Therefore, for two probability distributions, the BC ranges from 0 to 1 
and the BD thus ranges from 0 to ∞.

For two multivariate normal hypervolumes A and B, the BD has 
a closed form:

where μA and μB are the centroids of A and B, respectively, and Σ is the 
mean of the covariance matrices of A and B:

(1)fx(x) =
exp
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2
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(5)BD(A,B) = − logBC(A,B),

(6)BC(A,B) = ∫
x ∈�

√
A(x)B(x)dx.

(7)
BD(A,B) =

1

8
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The first term in Equation 7 is the Mahalanobis distance (MD) between 
two hypervolume centroids, and the second term in Equation 7 is the 
determinant ratio (DR) which measures the size difference between A 
and B (see Figure 1d). If two hypervolumes have the same size, then 
the second term in Equation 7 equals 0. Factoring the Bhattacharyya 
distance according to Equation 7 can be used to assess the relative 
contributions of the centroid difference (MD) and the size difference 
(DR) to the overall niche dissimilarity. The ratio of Mahalanobis dis-
tance to determinant ratio (MD/DR) can be used as an overall measure 
of the relative importance of centroid distance and size difference in 
driving overall dissimilarity.

The Mahalanobis distance component in Equations 7 can be 
linked to an existing partitioning framework which additively par-
titions the Mahalanobis distance into standardized Euclidean dis-
tances along PCA axes (Calenge et al., 2008; Mahony et al., 2017). 

But to align this approach with the framework developed here, we 
propose an alternative partitioning of the Mahalanobis distance into 
univariate divergence components and a correlation component, 
following a method from portfolio analysis in the finance literature 
to assess the risk-return trade-off of investments (Stevens,  1998). 
In the case of two-dimensional hypervolumes, the Mahalanobis dis-
tance can be written as:

where d1 and d2 are the Euclidean distances between niche centroids 
along variable 1 and variable 2, �2

x
,�2

y
 and �xy are parameters of the 

mean covariance matrix Σ. The first two terms are just the standardized 

(9)

(
�A−�B

)T
Σ
−1 (

�A−�B

)
=
d2
x

�
2
x

+
d2
y

�
2
y

+
1

||Σ||
(
�
2
xy

(
dx�x−dy�y

)2
+2�xydxdy�x�y

(
�xy−1

))
,

F I G U R E  1   (a) Two commonly used nonparametric niche volume measures: the minimum convex hull and the kernel density estimated 
hypervolume. The filled area indicates the 95% contour of the hypervolume while the dashed blue lines indicate the 90% contour of the 
hypervolumes. (b) Two commonly used dissimilarity measures based on nonparametric volume estimates: Jaccard similarity and Euclidean 
distance between centroids. Orange and blue represent two hypervolumes. White hatches indicate intersecting area between two 
hypervolumes. (c) The volume of the two-dimensional niche measured by the determinant of the covariance matrix is the product of three 
components: two univariate variances (�2

x
 and �2

y
) and a correlation component (a measure of hypervolume dimensionality, i.e. the effective 

number of independent niche axes standardized by the number of dimensions) which has the effect of shrinking the volume by a factor of 
(1−ρ2). Light blue indicates change of hypervolume. (d) Niche dissimilarity of two hypervolumes measured by the Bhattacharyya distance, 
which is the sum of the Mahalanobis distance between the two niche centroids and a determinant ratio component measuring the difference 
of the niche volumes. The ratio MD/DR indicates the relative importance of centroid distance and size difference

(a) (b)

(c) (d)
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Euclidean distances along each dimension, and the last term is a cor-
relation component which measures how much of the additional diver-
gence (or convergence) is caused by the correlation between variables 
in the mean covariance matrix Σ. The correlation component is negative 
when the direction of the centroid difference is close to the direction 
of the major principal component of Σ, because it effectively decreases 
the standardized Euclidean distances between centroids. The correla-
tion component is positive when the direction of the centroid differ-
ence is close to the direction of the minor principal component of Σ, 
because it effectively increases the standardized Euclidean distances. 
Combining Equations (3), (7) and (9) and after some rearrangements 
of the terms, the Bhattacharyya distance in the two-dimensional case 
can be written as:

which partitions the BD between two MVNHs into contributions of 
univariate components and a correlation component.

2.3 | Estimators

We used sample means and sample covariances as estimators of μA, 
μB, ΣA and ΣB for the calculation of the determinant of the covari-
ance matrices and the Bhattacharyya distance. These plug-in esti-
mators of the Bhattacharyya distance are known to be biased with 
small sample size, but for low-dimensional data this bias is small (Lu 
et al., 1989; Minami & Shimizu, 1999; Winner et al., 2018; also see 
Figures S2 and S3 in supplementary analysis). For the purpose of 
demonstrating the utility of the partitioning framework, our em-
pirical analysis proceeds without applying bias-correction methods 
which have been presented in the literature such as estimating the 
covariance matrix using Bayesian methods (Swanson et al., 2015), 
and bias-correction techniques for the Bhattacharyya distance 
(Minami & Shimizu, 1999; Winner et al., 2018). Functions for calcu-
lating the size and dissimilarity metrics in the MVNH framework are 
available on GitHub in the package mvnh (Lu et al., 2021), which can 
be installed with R command devtools: install_github (‘lvmuyang/
MVNH’). We also include an example R script to demonstrate the 
use of the functions in supplementary materials (Appendix 2).

We also recognize other dissimilarity metrics (also included in the 
package) based on multivariate normal distributions which share a 
similar form with the Bhattacharyya distance and can be partitioned 
into a Mahalanobis distance component and a determinant ratio 
component (see Lu et al., 1989), such as the MacArthur–Levins mea-
sure (MacArthur & Levins, 1967):

the Pianka's measure (Pianka, 1974):

and the Morisita's measure (Morisita, 1961):

These metrics differ in their probabilistic interpretations, weight-
ing of each component, and how they calculate the determinant ratio 
component. We will focus on the use of the Bhattacharyya distance 
in this paper because it was most studied and with known statis-
tical properties (Lu et  al.,  1989; Minami & Shimizu,  1999; Winner 
et al., 2018). It also has a straightforward interpretation as the integra-
tion of geometric means of two probability distributions (Equation 6).

2.4 | Community example: Functional 
diversity and turnover

We used a trait dataset of 36 annual plant communities in the 
Western Australia (Data availabile from the Dryad Digital Repository 
https://doi.org/10.5061/dryad.76kt8; Dwyer & Laughlin,  2018) to 
demonstrate how functional diversity (alpha diversity) and turnover 
(beta diversity) can be measured in the multivariate normal hyper-
volume framework using the determinant and the Bhattacharyya 
distance, respectively. The three measured traits for each species 
were specific leaf area (SLA), maximum height (MH) and seed mass 
(SM). We then assessed each component of the trait volume (SLA 
variance, MH variance, SM variance and the correlation component) 
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as predicted by growing season available moisture, mean growing 
season minimum temperature and soil surface dispersion (dispersion 
is a measure of heterogeneity) in multiple linear regression. We used 
the coefficient of variation of each component to assess the relative 
contribution of each component to the variation of total trait volume 
because the individual niche variances are scalable and not directly 
comparable with each other. We assessed the environmental driv-
ers of the Bhattacharyya distance (functional turnover) components 
using multiple regression on distance matrices (MRM) based on a 
partial Mantel test (Lichstein, 2007). The regression coefficients of 
MRM are calculated with ordinary least square regression, but the 
p-values of the coefficients are calculated with matrix permutation 
tests. The predictor variables were calculated as the Euclidean dis-
tances for each environmental variable between sites.

2.5 | Species example: Environmental niche 
breadth and dissimilarity

We studied 260 bird species in the Western hemisphere with occur-
rence data extracted from eBird (Sullivan et al., 2009), environmen-
tal layers obtained from CHELSA (monthly mean temperature and 
precipitations for breeding seasons, https://chels​a-clima​te.org/) and 
MODIS EVI (https://modis.gsfc.nasa.gov/data/datap​rod/mod13.
php) at 1 km resolution to assess the drivers of realized environmen-
tal niche breadth (volume) and niche dissimilarity between species. 
For each species, 1,000 random points were sampled and spatially 
thinned to 10 km distance using the spThin package (Aiello-Lammens 
et al., 2015) in R for extraction of environmental data. We then in-
vestigated the drivers of environmental niche breadth components 
using ordinary multiple linear regression, and assessed the drivers of 
the Bhattacharyya distance components using MRM. We obtained 
body mass and dietary niche breadth data from the ‘EltonTrait’ data-
set (Wilman et  al.,  2014). Area and centroid absolute latitude of 
geographical range were calculated from IUCN range maps (https://
www.iucnr​edlist.org/resou​rces/spati​al-data-download).

2.6 | Comparisons to nonparametric metrics

For both the community and species' niche examples, we com-
pared the newly proposed size and dissimilarity metrics from the 
MVNH framework with measures based on the 95% quantile of 
a box kernel density estimator using the hypervolume package in 
R (Blonder et  al.,  2018). For the species environmental niche ex-
ample, we also compared the determinant of the MVNH with the 
volume of minimum convex hull (Figure  1a); for the community 

functional diversity example, we additionally compared the deter-
minant with three commonly used functional diversity measures: 
functional divergence, functional dispersion and functional even-
ness (Laliberté & Legendre, 2010). For both examples, we compared 
the Bhattacharyya distance with Jaccard and Sorensen similarities, 
centroid distances (Figure 1b) and minimum distances between hy-
pervolumes. We then assessed the performance of our metrics with 
different sample size, number of dimensions and underlying distribu-
tions, and also compared them with other existing methods using 
simulated data (Appendix 1).

3  | RESULTS

We use the MVNH framework to first analyse drivers of community-
level functional diversity and functional turnover, and to second 
assess drivers of species-level environmental niche breadth and dis-
similarity. Finally, we show the correlations between the proposed 
metrics and other commonly used nonparametric measures.

3.1 | Community level: Functional diversity

We compared functional diversity (measured as the determinant of 
the trait covariance matrix) and functional turnover (measured as 
Bhattacharyya distance) among 36 plant communities. For a two-
community example (site 1 and site 2), we partitioned the functional 
diversity of each site into four components: the univariate variance 
of each of the three traits (SLA, MH and SM) and the correlation 
component following Equation 4. Component-wise differences be-
tween the two sites add up to the difference in total trait volume 
(the determinant of the environmental niche covariance matrix) on 
the log-scale (Figure 2a).

For the 36-community assessment, the coefficient of variation 
for each trait volume component across the 36 sites was 0.31 for the 
correlation component and varied between 0.28 (MH) and 0.16 (SM) 
for the individual trait variances. This suggests that the correlation 
component is the largest driver of the variation in functional diversity 
among sites. By relating individual trait variances and the correlation 
component to environmental predictors, we identify mean moisture 
availability and, less so, minimum temperature as key correlates of 
trait diversity variation (Figure 2c,d). The variances of all three traits 
differ substantially in the strength and direction of their respective 
associations with environmental predictors. Linear regression shows 
that none of the examined environmental variables predict the vari-
ation of SLA variance (Table  1). Both minimum temperature and 
moisture availability are positively correlated with maximum height 

F I G U R E  2   Community-level functional diversity assessment. Component-wise differences between site 1 and site 2 in (a) functional trait 
volume (e.g. functional diversity) and (b) Bhattacharyya distance of functional traits. (c–f) Change of trait volume and pairwise community-
level trait dissimilarity among all 36 sites of annual plant communities with environmental variables in southwest Western Australia. Solid 
lines are the fitted linear regression. Shaded area represents 95% confidence interval of linear regression. See Table 1 for summary statistics

https://chelsa-climate.org/
https://modis.gsfc.nasa.gov/data/dataprod/mod13.php
https://modis.gsfc.nasa.gov/data/dataprod/mod13.php
https://www.iucnredlist.org/resources/spatial-data-download
https://www.iucnredlist.org/resources/spatial-data-download


     |  7Methods in Ecology and Evolu
onLU et al.

(a) (b)

(c) (d)

(e) (f)



8  |    Methods in Ecology and Evolu
on LU et al.

variance, whereas only soil surface dispersion is positively correlated 
with seed mass variance. Moisture availability is also positively cor-
related with the correlation component. The overall trait volume (the 
determinant) is only correlated with moisture availability (Table 1).

We measured the pairwise functional turnover between any two 
sites as the Bhattacharyya distance between their hypervolumes, 
and, according to Equation 7, partitioned it into the Mahalanobis 
distance (which measures the standardized distance between 
community means) and the determinant ratio (which measures the 
differences in functional alpha diversity) (see a two-community ex-
ample in Figure 2b). The ratio of Mahalanobis distance to determi-
nant ratio (MD/DR) reflects the relative importance of difference in 
community means and functional diversity differences in driving the 
overall community-level functional turnover. The median ratio MD/
DR across all pairs of sites is 0.63, suggesting functional turnover 
among communities is mainly driven by the variation in functional 
alpha diversity. The functional turnover is more determined by mois-
ture availability than by minimum temperature (Figure 2e,f). Multiple 
regression on distance matrices suggests that the Mahalanobis dis-
tance is correlated with both minimum temperature and moisture 
availability, but the determinant ratio is only correlated with mois-
ture availability (Table 1).

3.2 | Species level: Environmental niches

We used the presented method to analyse and compare the three-
dimensional environmental niches (temperature, precipitation and 
EVI) of 260 bird species in the New World. We partitioned the total 
environmental niche volume for each single species into three uni-
variate components and a correlation component. For a two-species 

example, we attributed the difference in niche volume between 
the white-throated swift Aeronautes saxatalis and the tricolored 
blackbird Agelaius tricolor to differences in temperature variance, 
precipitation variance, EVI variance and the correlation component 
(Figure 3a). For the 260-species assessment, we found that the coef-
ficient of variation for each of the niche volume components among 
260 bird species was 0.79 for precipitation variance, 0.67 for tem-
perature variance, 0.44 for EVI variance and 0.22 for the correlation 
component, suggesting that precipitation niche breadth variation 
contributes most to the species-level niche volume variation. Range 
size and centroid latitude are the two main drivers of realized envi-
ronmental niche volume (Figure  3c,d), but the predictors for each 
niche volume component are different: the precipitation variance 
and the correlation component are only correlated with the cen-
troid latitude while the temperature variance and the EVI variance 
are correlated with both centroid latitude and range size (Table 2). 
The median ratio between Mahalanobis distance and determinant 
ratio is 2.43, suggesting that the distance between niche centroids 
is more important than niche volume differences in driving overall 
environmental niche dissimilarity among the 260 bird species. When 
the multiple regression on distance matrices (MRM) is applied, dif-
ferent components of the Bhattacharyya distance have different de-
termining factors: the Mahalanobis distance is only correlated with 
centroid latitude while the determinant ratio is correlated with both 
range size and centroid latitude (Table 2).

3.3 | Comparison with other metrics

Community-level functional traits: The determinant of trait covari-
ance matrix as the measure of functional diversity had the highest 

TA B L E  1   Summary statistics for multiple linear regression of community-level trait volumes, and multiple regression on distance 
matrices on community-level trait dissimilarity. Specific leaf area, maximum height, seed mass variances, the correlation component and the 
determinant are log-transformed. Adjusted R2 is used. Only significant predictors are reported

Response Predictor Estimate p-value R2

Specific leaf area variance — — — —

Maximum height variance Minimum temperature 0.125 <0.01 0.19

Moisture availability 0.102 <0.05

Seed mass variance Soil surface dispersion 0.066 <0.05 0.25

Correlation component Moisture availability 0.228 <0.001 0.37

Determinant Moisture availability 0.369 <0.001 0.27

Mahalanobis distance Distance (moisture availability) 0.18 <0.001 0.20

Distance (minimum temperature) −0.07 <0.05

Determinant ratio Distance (moisture availability) 0.08 <0.001 0.13

Bhattacharyya distance Distance (moisture availability) 0.26 <0.001 0.18

F I G U R E  3   Species-level environmental niche assessment. (a) Component-wise environmental niche volume differences and (b) 
Bhattacharyya distance of environmental niche between two example species (White-throated Swift, Aeronautes saxatalis; and Tricolored 
Blackbird, Agelaius tricolor) (c–f) Change of niche volume and pairwise niche dissimilarity among 260 bird species with range size and centroid 
latitude. Solid lines are the fitted linear regression. Shaded area represents 95% confidence interval of linear regression. See Table 2 for 
summary statistics
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correlation with the volume of the 95% quantile of a kernel-density-
derived hypervolume (0.89), followed by functional dispersion (0.79) 
and minimum convex hull (0.65) (additional methods in Figure 4a). 
The Bhattacharyya distance had a similar correlation with Euclidean 
centroid distance (0.70), Jaccard similarity (−0.69) and Sorensen 
similarity (−0.71). The Mahalanobis distance component was more 
correlated with Euclidean centroid distance (0.73) than with Jaccard 
similarity (−0.57) or Sorensen similarity (−0.59) while the determinant 
ratio component had a relatively low correlation with the Euclidean 
centroid distance (0.42; Figure 4b). All components were uncorre-
lated with minimum distance between hypervolumes (Figure 4b).

Species-level environmental niche: the determinant of the envi-
ronmental niche covariance matrix correlates most strongly with the 
volume of the 95% quantile of the kernel-density-derived hypervol-
ume (0.85), followed by the minimum convex hull (0.77, Figure 4c). 
The Bhattacharyya distance and its Mahalanobis distance compo-
nent are most correlated with the Euclidean centroid distance (0.85 
and 0.82, respectively); the determinant ratio is similarly correlated 
with most alternative metrics except for minimum distance between 
hypervolumes (Figure 4d).

4  | DISCUSSION

We proposed a new parametric hypervolume framework based 
on multivariate normal distributions. The greatest advantage of 
the MVNH approach is the insights provided by the partitioned 
components of the niche size and dissimilarity metrics (Table 3). 
Although the determinant of the covariance matrix has been 
used as a total niche volume measure in some studies (La Sorte 
et  al.,  2018; Soberón & Nakamura,  2009), it has never been il-
lustrated that the determinant can be interpreted as the product 
of individual niche variances and a correlation component. The 

Bhattacharyya distance has been used as a measure of home 
range overlap in animal movements (Fieberg & Kochanny, 2005; 
Winner et al., 2018). We suggest that its use in trait or environ-
mental space (Lu et  al.,  1989; Minami & Shimizu,  1999), and in 
particular the interpretation of the partitioned components, of-
fers valuable biological insights. Specifically, the correlation 
component of the determinant is a measure of the dimensional-
ity of functional traits (see other dimensionality measures in He 
et  al.,  2020). The Mahalanobis distance between hypervolume 
centroids can be interpreted as the standardized distance be-
tween optimal traits of two communities or between the optimal 
environmental conditions of two species under the assumptions 
that mean community traits represent the optimal traits under 
equilibrium (Blonder et al., 2015) and that niche centroid has the 
highest fitness for a species (Sagarin et  al.,  2006). The determi-
nant ratio can be interpreted as the functional diversity difference 
between communities or as niche volume differences between 
species. The Bhattacharyya distance (BD) not only avoids choos-
ing ad hoc algorithm parameters, but more importantly reconciles 
the limitations of two commonly used classes of dissimilarity 
metrics (overlap metrics and distance metrics; Mammola, 2019). 
The overlap metrics (Jaccard and Sorensen indices) are used to 
calculate how much hypervolume is shared between the two hy-
pervolumes, which are more informative when two hypervolumes 
intersect with each other. On the contrary, the distance metrics 
(centroid distance or minimum distance) are more informative 
when the hypervolumes are disjunct (Mammola,  2019). When 
Jaccard or Sorensen indices become uninformative for disjunct 
hypervolumes, the BD incorporates the distance information 
through the Mahalanobis distance component; when the centroid 
distance metric becomes uninformative for two close and over-
lapping hypervolumes, the BD incorporates the shape information 
through the determinant ratio component.

Response Predictor Estimate p-value R2

Temperature variance Area 1.13 <0.001 0.14

Centroid latitude 0.84 <0.001

Precipitation variance Centroid latitude −5.72 <0.001 0.69

EVI variance Area 0.70 <0.001 0.13

Centroid latitude −0.46 <0.001

Correlation component Centroid latitude −0.67 <0.001 0.22

Determinant Area 2.09 <0.001 0.55

Centroid latitude −5.97 <0.001

Mahalanobis distance Distance (Centroid 
latitude)

32.62 <0.001 0.13

Determinant ratio Distance (Area) −2.66 <0.001 0.23

Distance (Centroid 
latitude)

9.78 <0.001

Bhattacharyya distance Distance (Centroid 
latitude)

40.36 <0.001 0.15

TA B L E  2   Summary statistics 
for multiple linear regression of 
environmental niche volumes, and 
multiple regression on distance matrices 
on environmental niche dissimilarity. 
Area, temperature, precipitation, EVI 
variances, the correlation component 
and the determinant are log-transformed. 
Adjusted R2 is used. Only significant 
predictors are reported
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The good concordance between our method and the kernel 
density method in the empirical examples suggests that the de-
terminant as a measure of niche volume is robust to different dis-
tributions of data. For niche dissimilarity measures, the moderate 

amount of correlation between the partitioned components of BD 
with the Jaccard, Sorensen and the centroid Euclidean distances 
shows that the partitioned components of BD both capture a part 
of the shape information of the hypervolume. Therefore, our BD 

F I G U R E  4   (a) Correlations among functional alpha diversity measures for the 36 sites. (b) Correlations among pairwise functional 
turnover measures. (c) Correlations among environmental niche volume measures for the 260 bird species. (d) Correlations among pairwise 
environmental niche dissimilarity measures. ‘DET’ stands for the determinant of the environmental niche or functional trait covariance 
matrix, ‘HV’ for kernel-density-derived hypervolume, ‘CONVEX’ for minimum convex hull, ‘FDiv’ for functional divergence, ‘FDis’ for 
functional dispersion, ‘FEve’ for functional evenness. ‘BD’ stands for Bhattacharyya distance, ‘BD_MD’ for the Mahalanobis distance 
component of BD, ‘BD_DR’ for the determinant ratio component of BD, ‘DST_CENT’ for Euclidean distance between centroids, ‘DST_MIN’ 
for minimum distance between kernel-density-derived hypervolumes, ‘JAC’ for Jaccard similarity, ‘SOR’ for Sorensen similarity

(a) (b)

(c) (d)
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metrics combine the important interpretations of both centroid 
Euclidean distance metrics and the Jaccard and Sorensen metrics 
of niche dissimilarity. More importantly, the relative importance of 
centroid difference and volume difference are directly comparable 
using the BD metrics.

Other metrics such as the MacArthur–Levins measure (Equation 
11), the Pianka's measure (Equation 12) and the Morisita's measure 
(Equation 13) can be similarly partitioned into a Mahalanobis distance 
component and a determinant ratio component (Lu et  al.,  1989), 
though their properties are less well known than the Bhattacharyya 
distance (Minami & Shimizu, 1999; Winner et al., 2018). We also show 
that the Mahalanobis distance component in all these metrics can 
be further partitioned into standardized Euclidean distances along 
different niche axes and a correlation component (Stevens, 1998), in 
addition to a previously proposed partitioning framework based on 
PCA (Calenge et al., 2008; Mahony et al., 2017).

4.1 | Case studies

Through the partitioning framework, our methods provide a novel 
understanding of each component driver of community functional 
diversity or species environmental niche volume. In the functional di-
versity example, we demonstrated that for the 36 annual plant com-
munities the constraints on combination of traits is the major driver 
of functional alpha diversity which, in turn, is shaped by moisture 
availability; the major driver of functional community turnover is the 
variation of functional alpha diversity rather than the mean trait dif-
ferences between communities. In the species environmental niche 
example, our method shows that the major driver of niche volume 

variation is the precipitation niche breadth variation (Figure 3d) which 
is determined by centroid latitude of species' range. We also show 
that the range size–niche breadth relationship of total environmental 
niche breadth is mainly driven by the range size–temperature niche 
breadth and range size–EVI niche breadth relationship (Table 2).

4.2 | Metrics performance

Simulation studies show that the bias of the plug-in estimator of 
the determinant is small with different sample sizes, distributions 
and number of dimensions (Figure S1). The plug-in estimator of 
the Bhattacharyya distance is slightly positively biased (Figures 
S2 and S3). The 95% confidence intervals of the Bhattacharyya 
distance components generally capture the theoretical values, 
except when the distance components are zero (Figure S2a,e). 
The biases are small compared to the estimated values, and small 
sample size leads to larger bias (Figures S2 and S3). Compared 
to the dynamic range box, nicheROVER and KDE methods, the 
Bhattacharyya distance has the smallest bias among other dis-
similarity estimates and the bias is insensitive to the number 
of dimensions (Figure S4). Due to the parametric nature of our 
methods, the computational cost is significantly lower than other 
existing methods, especially for dissimilarity metrics with high-
dimensional data (Figure S5). For example, using the ‘Iris’ dataset 
in R (a dataset with 150 rows and 3 columns), it takes 6 s to com-
pute the hypervolume using KDE but only 0.001 s to compute the 
hypervolume using MVNH.

The biggest limitation of the MVNH framework is its assump-
tion on normal distributions, which in many applications may not 

TA B L E  3   Comparison of hypervolumes methods

MVNH
Dynamic range box 
Junker et al. (2016)

nicheROVER Swanson 
et al. (2015)

Hypervolume Blonder 
et al. (2014)

(a) No assumptions about data distributions ✗ ✓ ✗ ✓

(b) Allows holes in hypervolumes ✗ ✗ ✗ ✓

(c) Does not require choosing a specific quantile ✓ ✓ ✗ ✗a 

(d) Sensitive to the number of dimensionsb  ✗ ✗ ✗ ✓

(e) Provides information on the impact of individual 
dimensions to hypervolume variations

✓ ✓ ✗ ✗

(f) Provides information on the impact of correlations 
among niche axes to hypervolume variations

✓ ✗ ✗ ✗

(g) Partitions dissimilarity into size difference and 
turnover

✓c  ✗ ✗ ✓c 

(h) Dissimilarity metric incorporates distance 
information when hypervolumes do not overlap

✓ ✗ ✗ ✗

(i) Computation time does not scale exponentially with 
the number of dimensions

✓ ✓ ✓ ✗

aHypervolume Blonder et al. (2014) additionally requires the choice of bandwidth for kernel density estimator.
bSee Figure S4 in Appendix 1.
cThe partitioning of the Hypervolume package is based on the framework of Baselga (2010) on overlap metrics. The counterpart of the turnover 
component in MVNH is the Mahalanobis distance component.
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be readily met, necessitating additional steps. Although we did not 
conduct a comprehensive analysis on how different distributions in-
fluence the volume and dissimilarity measures, we can gain insights 
about the effect of distributions through the lens of entropy. Entropy 
measures the dispersion of a distribution, which in the context of 
hypervolume can be viewed as a size measure in itself. For a multi-
variate normal distribution, the entropy is 1

2
lndet (2�eΣ), which is a 

monotonic transformation of the determinant of covariance matrix 
(the proposed size measure in the MVNH framework). It is also true 
that for all real-value distributions, that is, continuous distributions 
on (−∞, ∞), with a particular mean and variance, the normal distribu-
tion has the maximum entropy (Cover & Thomas, 2005). Therefore, 
the hypervolume size estimated by the MVNH framework could be 
interpreted as an upper bound on the hypervolume size across all 
other possible real-valued distributions. The influence on dissimilar-
ity is less straightforward because it depends on two hypervolumes. 
Future research should extend the investigation to entropy (for both 
parametric and empirical distributions) as a hypervolume measure 
to fully understand the effect of different distributions on size and 
dissimilarity.

A common limitation of all hypervolume metrics is collinearity 
among axes (Blonder et al., 2014; D'Andrea & Ostling, 2016). The use 
of the determinant is especially sensitive to collinearity because any 
pair of fully dependent columns or rows in a covariance matrix will 
necessarily result in a determinant of zero. Increasing dimensions of 
trait or environmental data will increase the chance of collinearity 
and is also more likely to violate the multivariate normal assumption. 
Such an issue can be resolved by choosing the biologically relevant 
variables a priori or using common dimension reduction techniques 
applied in nonparametric methods such as PCA (Junker et al., 2016). 
Because PCA creates orthogonal axes, the correlation component 
will always equal 1 if PCA is applied, and thus it is only recommended 
when the correlation among axes is of no interest to the study. In the 
case of several groups of variables and relevant relationships among 
them (e.g. different sets of morphological traits of bird data; Pigot 
et  al.,  2020), more sophisticated dimension reduction techniques 
such as generalized canonical variables (Tenenhaus et al., 2014) can 
be used to select the most representative variables in each group. 
When the data are highly skewed, transformation to normal distri-
bution is recommended.

4.3 | Potential

The presented size and dissimilarity measures are, to our knowl-
edge, the first parametric metrics that allow a partitioning of 
n-dimensional hypervolumes. The partitioning of total niche 
volume and niche dissimilarity enables more rigorous testing of 
ecological and evolutionary hypotheses beyond those we ex-
plored in our two case studies. For example, when investigating 
the spatial scaling of niche volume (Connor et al., 2018; Pearman 
et al., 2008), the scaling relationship can be broken down to the 
scaling of univariate niche variances and correlation component, 

each of which can be linked to different sets of predictors. When 
studying niche shifts during biotic invasion (Hill et  al.,  2012; 
Lauzeral et  al.,  2011; Wiens et  al.,  2019), the BD can be used 
to determine whether the niche shift is mainly caused by shifts 
in niche centroids or caused by volume expansion or reduction, 
and which niche dimension contributes the most to different 
dissimilarity components. In niche evolution studies, the evo-
lution of niche dissimilarity (Castro-Insua et al., 2018; Nunes & 
Pearson, 2017) between two species can be traced to contribu-
tions by niche breadth or centre differences to the total niche 
divergence. The parametric measures also have closer links to 
theory as theoretical predictions of niche evolution are usually 
derived from covariance matrices with multivariate normal ap-
proximations (Caetano & Harmon, 2019; Lande & Arnold, 1983). 
The framework can also be extended to include other aspects of 
functional diversity such as divergence and evenness (Mouchet 
et al., 2010; Villéger et al., 2008) by substituting the Euclidean 
distances between species with Mahalanobis distance in the 
calculations to fully incorporate intraspecific trait variations. 
The Euclidean distance is just a special case of the Mahalanobis 
distance by assuming that the intraspecific covariance matrix of 
functional traits is an identity matrix for all species within the 
community (unit variances and 0 correlations.). In other words, 
the newly proposed metrics have the potential to provide more 
mechanistic understanding of biodiversity patterns and niche 
evolution, and pave the way for more accurate forecasts for bio-
diversity change.
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